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The development of an enhanced analytical approach to predict the secondary bending 
of single-lap composite bolted joints is presented. The enhanced accounts for the 
estimation of secondary bending as a function of geometrical parameters, material 
properties, and stacking sequence. The model is validated through comparison of the 
predicted load-displacement curve with experimental tests and literature data. The 
model accuracy was validated for different values of bolt torque, friction coefficient, 
geometrical parameters, and material properties. The method has been also used in a 
parametric study to analyse the influence of the main joint parameters on the load-
displacement curve. The model is a valuable preliminary design tool for analysing the 
influence of the joint parameters on the stiffness of single-lap composite joints 
including the effect of secondary bending.  
 
1. INTRODUCTION 
Composite materials combine fatigue and corrosion resistance, light weight and high 
specific stiffness and strength. These properties make composites suitable for a wide 
range of high responsibility applications in aeronautic industry. Mechanical joining is 
the most important method of assembling composite structural elements in the 
aerospace industry, due to its facility to assemble, disassemble and repair, and its 
tolerance to environmental effects [1]. However, fastener joints should be carefully 
designed due to the stress concentration at the surrounding of the hole. The stress 
concentration in composite laminates can be more critical than in metallic components 
[2,3]. The study of bolted joints in composite structural elements has received 
considerable attention in both the scientific literature and aeronautical standards [4-9]. 
The bolted joint performance depends on different parameters, mainly: joint geometry, 
plates and bolt materials, laminate layup, clearance, friction between different elements 
of the joint, temperature, load path, and bolt torque. The complex mechanical behaviour 
of composite bolted joints has been investigated by several researches by means of 
experimental studies, see for example [10-12]. However, due to the large range of 
parameters, the use of purely experimental techniques would be prohibitively expensive. 
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The development of theoretical reliable models is necessary to get a better 
understanding of all the aspect of the joint behaviour and to optimize the design of 
composite bolted joints.  
Due to the complexity of composite bolted joints, several authors have proposed 
numerical models to analyse its mechanical behaviour but few studies have focused on 
the development of analytical models. The stiffness and the strength of bolted joints 
have been predicted with finite element models, showing good agreement with 
experimental data, [13-16]. Despite the accuracy of the finite element method to predict 
the failure of composite elements under different loading conditions [17,18], the 
development of simplify models can lead to a better understanding of the mechanical 
behaviour of composite bolted joints. Analytical models comprise the ability to 
explicitly describe the physical behaviour of bolted joints, and the possibility for 
conducting parametric studies. 
The analyses of single-lap bolted joints have shown a non-uniform stress distribution 
throughout the thickness of composite plates in the surroundings of the hole due to the 
secondary bending produced by the eccentric load path [19-21]. This complex effect has 
been included in the formulation of simplified analytical models by mean of 
experimental coefficients [22-26]. 
Tate and Rosenfeld introduced a mass-spring model for double-lap joints made from 
isotropic materials [22]. Rosenfeld continued this work including experimental tests to 
validate the analytical model [23]. This simplified model was modified by Nelson et al. 
[24] to be applied to single-lap joints with anisotropic materials. To consider the 
influence of secondary bending on the joint stiffness, an experimental coefficient 
depending on the bolt configuration was included in the formulation. McCarthy et al. 
[25] modified the mass-spring model to add the effect of clearance. They predicted 
accurately the load-displacement curve and the load distribution obtained in 
experimental tests on single-column multi-bolt composite joints. McCarthy and Gray 
[26] improved the mass-spring model considering two steps in the load-displacement 
curve: the first dominated by friction forces and the second controlled by the contact 
stresses. The load-displacement curve was in agreement with experimental data. All 
these works considered an experimental coefficient to include the effect of secondary 
bending in the joint stiffness. 
However, the results were validated with experimental data obtained from tests on 
single-column multi-bolt joints where the effect of secondary bending is limited. For an 
accurate prediction of the load-displacement curve in single-lap single-bolted joint 
configurations, secondary bending effect must be predicted with a more accurate 
method. 
In this work, an analytical model to predict the stiffness of single-lap composite bolted 
joint is proposed. The model includes a predictive method to consider the effect of 
secondary bending as a function of geometrical parameters, material elastic properties, 
stacking sequence, and load path eccentricity. Experimental tests were developed to 
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validate the accuracy of the model results for different bolt torques. Also experimental 
data from literature were used to validate the analytical model analysing other materials 
and geometries. Moreover, a parametric study is include to investigate the influence of 
torque, friction coefficient, clearance, joint geometry, thickness, and material properties 
on the stiffness of composite bolted-joints.  
 
2. MODEL DESCRIPTION 
The present analytical model is an extension of the model proposed by McCarthy and 
Gray [26]. Fig. 1 shows the configuration of a single-lap single-bolt composite joint. To 
illustrate the mechanical behaviour of a highly torqued composite joint, Fig. 2 shows a 
typical load-displacement curve obtained in an experimental test. The curve can be 
divided in three regions. The first region corresponds to a quasi-linear behaviour 
produced by the load being reacted solely by static friction forces acting at the shear 
plane. With increasing loads, the static friction forces are overcome and the laminates 
slip relatively to each other with a uniform load. During this second region, the bolt-
hole clearance is taken up and the bolt shank begins to contact the laminates. The third 
region starts when significant contact is established between bolt shank and hole 
surface, the bolt begins to transmit loads to the laminate and the joint stiffness increases 
significantly leading to a new quasi-linear region. The joint stiffness in the third region 
is strongly influenced by secondary bending phenomenon. The third region ends when 
the load reaches the bearing strength of the laminate, the objective of this work is to 
analyse the composite joint stiffness for loads below the bearing strength. This goal 
means an important contribution to understand the mechanical behaviour of composites 
joints and a necessary previous step to the development of future models including the 
prediction of bearing strength in single-lap composite joints. 
The single-lap single-bolt composite joint may be represented by a system of masses 
and springs, as shown in Fig. 1. The joint load is applied at mass 3 and reacted at the 
clamped end of the joint. The stiffness of composite plate 1 under tensile loads is 
represented by Kpl1, and composite plate 2 by Kpl2. During the first region, the joint 
stiffness is dominated by the top branch, where Ksh-pl1 and Ksh-pl2 are the stiffnesses 
under shear load of composite plates 1 and 2 respectively. When the value of the load at 
top branch reaches the maximum value of the friction forces that the joint can transmit, 
a relative displacement between laminates is produced without increasing loads until the 
clearance is taken up. This phenomenon is represented by a friction element, Ffricc. 
When the contact between bolt shank and laminates is established, the joint stiffness is 
controlled by the bottom branch, where Kbolt includes the shear and bending stiffness of 
the bolt, the bearing stiffness of composite plates, and the secondary bending effect.  
Considering that masses are free to move in the x-direction only, the system shown in 
Fig. 1 leads to a system of linear equations of the form: 
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[𝑀]{?̈?} + [𝐾]{𝑥} = {𝐹}   (1) 
For quasi-static loading, the accelerations can be neglected, leading to the next equation: 
[𝐾]{𝑥} = {𝐹}   (2) 
Where the value of stiffness matrix [K] is modified for the different loading regions.  
Free body diagrams for each mass during the first and third regions are shown in Figs. 3 
and 4 respectively.  Where c is the clearance between bolt diameter and hole, and uf is 
the maximum displacement reached during the first region. The resulting linear 
equations during first and second regions are expressed in Eqs. (3) and (4) respectively. 
Calculation of the displacements is straightforward by pre-multiplying the load vector F 
by the inverse of stiffness matrix K. 
[
𝐾𝑝𝑙1 + 𝐾𝑠ℎ𝑒𝑎𝑟 −𝐾𝑠ℎ𝑒𝑎𝑟 0










]   (3) 
[
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Calculations of spring stiffnesses. 
The composite plate stiffness, in each plate i, can be found considering a composite 




   (5) 
Where ELc is the equivalent elasticity modulus in longitudinal direction calculated using 
the laminate theory. Wc and tc are width and thickness of the composite plate 
respectively. pc is the distance between the hole centre and the plate free end where load 
is applied, and D is the hole diameter. 










   (6) 
Where the stiffnesses under shear load of composite plates 1 and 2, Ksh-pl1 and Ksh-pl2, 
are found considering the interlaminar stiffness of the laminate Gxz, the washer area in 




   (7) 
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The maximum value of friction forces that the joint can transmit, Ffricc, is obtained 
considering the friction coefficient and the normal force produced by the bolt torque.  
𝐹𝑓𝑟𝑖𝑐𝑐 = 𝜇 ∙ 𝐹𝑡𝑜𝑟𝑞𝑢𝑒   (8) 
Where  is the friction coefficient, and the normal compressive force produced by the 




   (9) 
Where  is the bolt torque and k is the torque coefficient usually taken as 0.2 [28].  
The bolt stiffness has been obtained by previous researchers [22-24] considering the 
bolt shear stiffness, Ksh-b, the bolt bending stiffness, Kbend-b, the bearing stiffnesses of 
plates 1 and 2, Kbe-pli, and an experimental coefficient, , to include the secondary 
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   (12) 
Where Eb is the bolt Young modulus. 
𝐾𝑏𝑒−𝑝𝑙1 = 𝑡𝑐1√𝐸𝐿𝑐1𝐸𝑇𝑐1   (13) 
𝐾𝑏𝑒−𝑝𝑙2 = 𝑡𝑐2√𝐸𝐿𝑐2𝐸𝑇𝑐2   (14) 
Where ETci is the equivalent elasticity modulus of composite plate in transverse 
direction calculated using the laminate theory. 
According to this formulation, the joint stiffness is strongly dependent on the secondary 
bending coefficient , which was proposed as 0.15 for protruding heads joints by 
Nelson [24] and has been used by other authors [25,26]. However, the secondary 
bending depends on the joint geometrical parameters, material elastic properties, 
stacking sequence, and load path eccentricity. The main contribution of this work is the 
consideration of these parameters to estimate the secondary bending stiffness. Thus two 
springs are included in the model, K1 and K2, and the use of the secondary bending 























   (15) 
The present model considers the bolt shear stiffness, Ksh-b, the bolt bending stiffness, 
Kbend-b, the bearing stiffnesses of plates 1 and 2, Kbe-pli, and the secondary bending 
stiffness of each plate, Ki, in series. The secondary bending stiffness, Ki, can be found 
considering that the joint transmit to the composite plates a transverse load P and a 
moment Mci, see Fig. 5. The moments applied to the composite plates are in equilibrium 
with the moment produced by the eccentric load path, Eq. (16). 
𝑀𝑐1 + 𝑀𝑐2 = 𝐹 ∙ 𝑡𝑚   (16) 
Where tm is the load path eccentricity estimated as the distance between the mid-plane 
of the composite plates. 
The compatibility equations of rotations and transverse displacement where imposed 
using the laminate theory, Eqs. (17) and (18): 
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  (18) 
Where, Lefci, is the distance between the hole surface and the plate free end where load 
is applied, EFci is the flexural modulus of the composite plate obtained with the laminate 
theory, and Ici is the moment of inertia of the composite plate. 
The longitudinal displacements were defined as a function of the rotations and plate 
thickness: 
𝑢𝑐𝑖 = 𝜙𝑐𝑖 ∙
𝑡𝑐𝑖
2
   (19) 
Then, the secondary bending stiffness, Ki, can be defined as the ratio between the in-
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To validate the accuracy of the presented analytical model, experimental tests were 
conducted on single-lap single-bolted composite joints using a universal test machine 
Instron 8516. To guarantee quasi-static conditions a speed of 0.2 mm/min was applied. 
The composite parts were manufactured from carbon IM7 fibre and MTM-45-1 epoxy 
resin. Both laminates had quasi-isotropic lay-up with stacking sequence [45/-45/0/90]3S. 
Its ply had a thickness of 0.125 mm, yielding a laminate thickness of 3 mm. The 
unidirectional lamina mechanical properties are listed in Table 1. The joint was 
assembled using a 4.8 mm diameter bolts made from aerospace grade titanium alloy 
6Al4V, which properties can be found in table 1. The composite plates length and width 
were Lc=140 mm and Wc = 30 mm respectively; and the distance between the hole 
centre and the plate free end where load is applied was pc = 135 mm. 
To validate the accuracy of the analytical model two different values of bolt torque 
where applied,  = 8 Nm and  = 1 Nm. Figs. 6a and 6b show the load-displacement 
curves obtained in the experimental tests and the analytical model predictions. The 
solutions using the experimental coefficient  are also shown to illustrate the advantages 
of the present model. To validate the sensibility of the analytical model under other 
joints parameters, the model was also applied to reproduce the experimental data 
provided by the works of Ireman et al. [10], Fig. 6c, and Riccio and Marciano [11], Fig. 
6d. Both studies considered a single-lap joint consisting of an 4 mm thick aluminium 
plate and a 4.8 mm thick laminate joined with a single bolt. The composite plates were 
made from a carbon/epoxy HTA 7/6376 laminate, and the aluminium plate from a 
7475-T76 alloy. However, they considered different plate geometries, bolt diameters 
and torques. Ireman et al. used a [±45/0/90]4S stacking sequence and a 6 mm diameter 
bolt of titanium alloy 6Al 4V. The plates were 150 mm long and 36 mm wide, and the 
distance between the hole centre and the free end was 18 mm. The applied bolt torque 
was 1 Nm. Riccio and Marciano considered a [0/±45/90]4S stacking sequence and a 4.8 
mm diameter bolt of titanium alloy 6Al 4V. The length and width of the plates were 150 
mm and 28.8 mm respectively, the distance to the free end was 14.4 mm, and the bolt 
torque was 10 Nm. 
Fig. 6 shows that the model predictions are in excellent agreement with experimental 
data. The model accuracy has been validated with different bolt torques, geometries and 
materials. The main advantage of the present model yields in the consideration of the 
secondary bending stiffness as a function of the plate geometry, material properties, 
stacking sequence, and load path eccentricity. The results showed an improvement in 
comparison with those obtained with a constant secondary bending coefficient. 
Moreover, the present model can explain the influence of the main joint parameters on 





4. PARAMETRIC STUDY 
A parametric study has been conducted to analyse the influence of the joint parameters 
on the stiffness of composite bolted-joints. The load-displacements curves obtained for 
different values of bolt torque, friction coefficient, clearance, and composite plate length 
are shown in Fig. 7. 
The influence of bolt torque is shown in Fig. 7a, the values of bolt torque ranged from 1 
Nm equivalent to tightening torque up to 8 Nm recommended by aeronautical standard 
ASTM D5961 [4] . The results showed that increasing values of bolt torque raised the 
maximum value of the friction forces that the joint can transmit, Eq. (8). Thus a higher 
load must be applied to produce a significant contact between the bolt shank and the 
hole surface, leading to a higher joint strength. Similar effect can be observed for 
increasing values of friction coefficient, Fig. 7b, because the maximum friction force 
that the joint can transmit is also increased. The friction coefficient ranged between 0.1 
and 0.5 representing different surface roughness [16]. The influence of clearance 
between bolt and hole diameter is illustrated in Fig. 7c, considering values from 0 up to 
200 m according to the tolerance recommended in the ISO f7/H10 fitting. A high value 
of the clearance produces a great relative displacement between laminates leading to a 
significant reduction of the joint stiffness. These results are in agreement with the 
aeronautical standards recommendations to use high values of bolt torques and low 
clearances. The influence of composite plates length is shown in Fig. 7d. Increasing 
values of plate length lead to lower joint stiffness because the plate length affects to 
both the in-plane stiffness, Eq. (5), and secondary bending stiffness, Eqs. (20) and (21). 
The load-displacement curves obtained for different composite plate widths, bolt 
diameters, thicknesses, and materials are shown in Fig. 8. Fig. 8a shows the influence of 
composite plate width. The plate width increases the joint stiffness only in the third 
region. The contribution of the width in the first region is negligible because the global 
stiffness is dominated by the shear forces applied in the region under the washer 
surface. The load-displacement curves obtained for diameter values between 4.4 mm 
and 5.2 mm are shown in Fig. 8b. These values of the diameter were chosen to 
guarantee a progressive failure of the joint due to bearing damage [6]. A reduction in the 
joint stiffness is only observed in the first region, where the stiffness is dominated by 
the friction forces transmitted by the washers. The joint stiffness is diminished because 
the effective area of the washers is reduced when the bolt diameter is increased. 
Fig. 8c shows the load-displacement curves obtained for different thicknesses. The 
thickness was changed using different numbers of sublaminates in the quasi-isotropic 
stacking sequence [45/-45/0/90]nS. In the first region, the slope of the force-
displacement curve increases with decreasing values of the composite plate thickness 
due to an increment in the shear stiffness, Eq. (7). However, in the third region, the 
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slope is strongly increased with increasing thickness due to an increment in the 
secondary bending stiffness.  
Five materials are compared in Fig. 8d: carbon/epoxi IM7/MTM-45-1, carbon/epoxi 
HTA7/6376 [16], carbon/epoxi T300/LTM45-EL [30], glass/epoxi Silenka 1200tex 
/DY063 [17], and Kevlar/epoxi K-285/ADR 240 [31]. The results showed a direct 
relationship between the material elastic properties and the joint stiffness. The three 
composite materials based on carbon fibres showed a higher stiffness than those 
composite made of glass or Kevlar fibres.  
 
5. CONCLUSIONS 
In this paper, a simple method for determining the effect of secondary bending on the 
stiffness of single-lap composite bolted joints has been presented. The present model 
calculates the secondary bending stiffness as a function of geometrical parameters, 
material elastic properties, stacking sequence, and load path eccentricity. 
The method has been validated against experimental tests conducted with different bolt 
torques and experimental data found in scientific literature. The model proved to be 
accurate and robust being applied for different bolt torques, geometrical parameters, and 
material properties. The predictions of the load-displacement curve were in excellent 
agreement with experimental results. It has been shown that the estimation of secondary 
bending as a function of the joint parameters can improve the results obtained using 
experimental coefficients. 
The method has been also used in a parametric study to illustrate the influence of the 
main joint parameters on the load-displacement curve. Both bolt torque and friction 
coefficient increased the force needed to create a significant contact between bolt shank 
and hole surface, leading to a higher joint strength. The clearance produces a relative 
displacement between laminates leading to a significant reduction of the joint stiffness. 
Increasing values of plate length lead to a lower joint stiffness. On the contrary, 
increasing values of plate width lead to a higher joint stiffness. If the bolt diameter is 
reduced, the joint stiffness increases only in the first region, where the stiffness is 
dominated by the friction forces. In the first region, the joint stiffness also increases 
with decreasing values of the plate thickness; however the stiffness of the third region is 
strongly reduced with deceasing thicknesses. The model has also shown a direct 
relationship between the material elastic properties and the joint stiffness.  
The model is a valuable preliminary design tool for analysing the influence of the main 
joint parameters on the mechanical behaviour of single-lap composite joints including 
the effect of secondary bending. The results may be also useful for the development of 
future models to predict the bearing strength of single-lap composite bolted-joints 
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TABLE CAPTION 
Table 1. Mechanical properties of IM7/MTM-45-1 carbon/epoxy composite material and 6Al-
4V titanium alloy. Data from experimental results and literature [29,19]. 
 
FIGURE CAPTION 
Fig. 1. Geometry and mass-spring model of a single-lap composite bolted-joint. 
Fig. 2. Typical force-displacement curve for a single-lap single bolt composite joint. 
Fig. 3. Free body diagrams for each mass during the first region.  
Fig. 4. Free body diagrams for each mass during the second region.  
Fig. 5. Loading conditions applied to composite plates to estimate the secondary bending 
stiffness.  
Fig. 6. Load-displacement curves. Comparison between analytical model and experimental 
results. a) Bolt torque = 8 Nm. b) Bolt torque = 1 Nm. c) Bolt torque = 1 Nm [10]. d) Bolt 
torque = 10 Nm [11].  
Fig. 7. Load-displacement curves, parametric study: Influence of a) bolt torque, b) friction 
coefficient, c) clearance, d) composite plate length.  
Fig. 8. Load-displacement curves, parametric study: Influence of a) composite plate width, b) 
bolt diameter, c) stacking sequence, d) materials. 
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